A non-relativistic classification of charged molecular hydrogenic, helium and mixed heliumhydrogenic chains with one or two electrons which can exist in a strong magnetic field B 10 16 G is given. It is shown that for both 1e − 2e cases at the strongest studied magnetic fields the longest hydrogenic chain contains at most five protons indicating to the existence of the H ions, respectively. In the case of the helium chains the longest chains can exist at the strongest studied magnetic fields with three and four α−particles for 1e − 2e cases, respectively. For mixed helium-hydrogenic chains the number of heavy centers can reach five for highest magnetic fields studied. In general, for a fixed magnetic field two-electron chains are more bound than one-electron ones.
I. INTRODUCTION
The behavior of atoms, molecules and ions placed in a strong magnetic field has attracted a significant attention during the last two decades (see, for example, the review papers [1] [2] [3] ). It is motivated by both pure theoretical interest and by possible practical applications in astrophysics and solid state physics. From the point of theory, such studies would lead to a creation of a theory of atoms and molecules in a magnetic field similar to a standard atomic-molecular physics. In practice, even the basic elements of such a theory -a knowledge of the energy levels of the simplest Coulomb systems which can exist in a magnetic fieldcan be important for interpretation of the spectra of white dwarfs (where a surface magnetic field ranges in B ≈ 10 6 − 10 9 G) and neutron stars where a surface magnetic field varies in B ≈ 10 12 − 10 13 G, and can be even B ≈ 10 14 − 10 16 G for the case of magnetars.
It was conjectured long ago [4, 5] that unusual chemical compounds can appear in a strong magnetic field. In particular, it was suggested by M Ruderman [5] and then developed by his followers (see [2] and references therein) that the presence of a strong magnetic field can lead to the formation of linear hydrogenic neutral molecules (linear chains) situated along magnetic lines. It was assumed that in the ground state all electrons are in the same spin state with all spins antiparallel to the magnetic field line. To avoid a contradiction with the Pauli principle it was further assumed that all electrons have different magnetic quantum numbers. It was considered as a characteristics of the ground state. It seems obviously correct in the case of atoms and atomic ions where the electrons are close to each other.
However, it is not that obvious for the case of molecules where the electrons are situated in far distant places in space. All of them (or, at least, some of them) can be in the same quantum state, with the same spin projection and magnetic quantum number [6] . This situation was observed in H 2 [7] and H + 3 [8] , where in a domain of large magnetic fields the ground state was given by the state of the maximal total spin but with the electrons having the same zero magnetic quantum number (see a discussion below). In [5] qualitative arguments were presented that such chains can be of any length, thus, can contain arbitrary many protons. It seems that such a picture is oversimplified, it intrinsically assumes that the magnetic field is "infinitely" strong. For instance, for any exotic chain (which does not exist in field-free case) there must be a certain threshold magnetic field since that it begins to exists. It can well happen that such a threshold magnetic field can be beyond of realistic magnetic fields which occur in Nature. This phenomenon is absent in the qualitative theory [5] . Thus, some very general features of the Ruderman's picture only, like growth of the binding energies, shrinking of the size of the molecules with a magnetic field increase and maximal total electronic spin can hold for realistic high magnetic fields.
It is well known that in absence of a magnetic field, in general, the hydrogenic linear chains (polymers) do not exist with the only exception of two shortest ones, H + 2 and H 2 [20] . Therefore, for each other chain there must occur a threshold magnetic field from which the chain begins to exist if it is realized. It seems natural to assume that the threshold magnetic field grows with the length of the chain which is defined by a number of heavy particles therein. At the moment, only those H + 2 and H 2 -the shortest chains -are studied in details, see e.g. [3] and [7] , respectively. The results are far more sophisticated than those predicted in a simple qualitative picture in [5] . For example, the H 2 -molecule does not exist at a large domain of strong magnetic fields.
The aim of this article is to perform a detailed quantitative study of Hydrogen, He- can exist in linear geometry. It is also shown that, as the magnetic field is increased, the exotic helium-hydrogenic chains He 3 begin to exist in linear geometry (see for a brief review [6] ). For all magnetic fields the system H + 2 is stable when the system H 2+ 3 becomes stable at B 10 13 G. A detailed review of the current status of some one-electron hydrogenic molecular systems, both traditional and exotic, that might exist in a magnetic field B ≥ 10 9 G can be found in [3] . For two-electron case depending on the magnetic field strength the hydrogenic chains H 2 , H 4 , and the mixed Hydrogen-Helium chains (HeH)
Since our study is limited to the question of the existence of a particular Coulomb system the main attention is paid to an exploration of the ground state. Overall study is made in framework of non-relativistic consideration by solving the Schroedinger equation. It is also assumed that the Born-Oppenheimer approximation of zero order holds, which implies that the positions of positively-charged heavy particles are kept fixed (they are assumed to be infinitely-massive). Relativistic corrections are always neglected assuming that the longitudinal motion of electrons is non-relativistic for magnetic field 10 16 G while there are no relativistic corrections to the energies of transverse motion since the spectra of nonrelativistic and relativistic harmonic oscillators coincide (we call it 'the Duncan argument', for a discussion see [9] ). Some preliminary results were announced in [6] .
Atomic units are used throughout ( =m e =e=1), although energies are expressed in Rydbergs (Ry). The magnetic field B is given in a.u. with a conversion factor B 0 = 2.35×10 9 G.
II. ONE-ELECTRON HYDROGENIC CHAINS

A. Generalities
Let us consider the electron and n infinitely-massive particles (protons) situated on a line which coincides to the magnetic line (see Fig. 1 ). We call this system a linear finite chain of the size n. If for such a system a bound state can be found it implies the existence of the ion H (n−1)+ n in linear geometry. The Hamiltonian which describes this system when the magnetic field is oriented along the z direction, B = (0, 0, B) is [21] 
(see Fig. 1 for the geometrical setting and notations), where Z i = Z j = 1 in the case of protons,p = −i∇ is the momentum of the electron and S is the operator of the spin, r i is the distance from the electron to the ith proton and R ij is the distance between the ith and jth protons. A is a vector potential which corresponds to the constant uniform magnetic field B. It is chosen to be in the symmetric gauge,
Finally, the Hamiltonian can be written as
whereL z andŜ z are the z-components of the total angular momentum and total spin operators, respectively, and ρ = x 2 + y 2 . BothL z andŜ z are integrals of motion. Thus, the operatorsL z andŜ z in (3) can be replaced by their eigenvalues m and m s respectively.
Since we are interested by the ground state for which m = 0 and m s = −1/2, the last term in (3) can be omitted and the reference point for energy becomes (−B).
In the equilibrium configuration the problem is characterized by two integrals of motion:
(i) angular momentum projection m on the magnetic field direction (z-direction) and (ii) spatial parity p. The problem for parallel symmetric configuration is characterized by the z-parity, P z (z → −z) with eigenvalues σ = ±1. One can relate the magnetic quantum number m, spatial parity p and z-parity σ,
In the case m is even, both parities coincide, p = σ. Thus, any eigenstate has two definite quantum numbers: the magnetic quantum number m and the parity p with respect r → − r. Therefore the space of eigenstates is split into subspaces (sectors) each of them is characterized by definite m and σ, or m and p. Notation for the states is based on the following convention: the first number corresponds to the number of excitation -"principal quantum number", e.g. the number 1 is assigned to the ground state, then a Greek letter σ, π, δ corresponds to m = 0, −1, −2, respectively, with subscript g/u (gerade/ungerade) corresponding positive/negative eigenvalues of spacial parity operator P .
The variational method is used for a study of the Hamiltonian (3). Trial functions are chosen following the physics relevance arguments [10] . Their explicit expression is a linear superposition of K terms given by
(see [3] ), where A k and α k,i , β k are linear and non-linear parameters, respectively. Interproton distances R are considered as variational parameters as well. Notation {} means the symmetrization of identical nuclei of the expression inside the brackets. Usually, to each term in (4) a certain physical meaning is given. For example, one term had all α k,i
at i = 1, . . . n equal being an analogue of the Heitler-London wavefunction for the H Calculations are performed using the minimization package MINUIT from CERN-LIB. Two-dimensional integration is carried out using a dynamical partitioning procedure: a domain of integration is manually divided into subdomains following an integrand profile with a localization of domains of large gradients of the integrand. Each subdomain is integrated (for details, see, e.g., [3] ). Numerical integration of subdomains is done with a relative accuracy of ∼ 10 −9 − 10 −10 by use of the adaptive D01FCF routine from NAG-LIB. n = 1. This case was considered for the sake of completeness. It is known that the hydrogen atom exists for any magnetic field strength. It is the least bound system among oneelectron systems. The results for H-atom at B = 10 6 , 10 7 a.u. are calculated with a ten-parametric variational trial function which is a modification of the function introduced in [10, 11] . It will be described elsewhere. 
C. Results
The results of the calculations are presented in Tables I-II 
III. TWO-ELECTRON HYDROGENIC CHAINS
A. Generalities
Let us consider a system of two electrons and n infinitely-massive protons situated on a line which coincides to the magnetic line (see Fig. 2 ). It is called 2e-linear finite chain of the size n. If for such a system a bound state can be found it implies the existence of the ion H (n−2)+ n in linear geometry. Sometimes, we say that above system is "in the parallel configuration". Also, it implies that the corresponding finite chain exists. It can be stable or metastable.
The Hamiltonian which describes the system of two electrons and n protons when the magnetic field is oriented along the z direction, B = (0, 0, B) is [19] 
(see Fig. 2 for the geometrical setting and notations), where Z i = Z j = 1 in the case of protons,p ℓ = −i∇ ℓ is the momentum of the ℓth electron, r ℓi is the distance from the ℓth electron to the ith proton and R ij is the distance between ith and jth proton, r 12 = | r 1 − r 2 | is the interelectron distance, where r 1 ( r 2 ) is the position from the center of the chain (midpoint with respect to the end-situated protons) of the first (second) electron and S = S 1 +S 2 is the operator of the total spin. A ℓ is a vector potential which corresponds to the constant uniform magnetic field B written in the symmetric gauge (2) . Finally, the Hamiltonian can be written as
are the z-components of the total angular momentum and total spin, respectively, and ρ ℓ = x 2 ℓ + y 2 ℓ . All performed calculations released a symmetry property of a chain: in the optimal geometry a chain has a center of symmetry.
Hence, for any proton there is a partner situated symmetrically with respect to this center.
We consider that property as intrinsic of any chain.
The problem under study is characterized by three conserved quantities: (i) the operator of the z-component of the total angular momentum (projection of the angular momentum on the magnetic field direction) giving rise to the magnetic quantum number m, (ii) the spatial parity operator P ( r 1 → − r 1 , r 2 → − r 2 ) which has eigenvalues p = ±1(gerade/ungerade) (iii) the operator of the z-component of the total spin (projection of the total spin on the magnetic field direction) giving rise to the total spin projection m s . Hence, any eigenstate has three explicit quantum numbers assigned: the magnetic quantum number m, the total spin projection m s and the parity p. For the case of two electrons the total spin projection m s takes values 0, ±1.
As a magnetic field increases a contribution from the Zeeman term (interaction of spin with magnetic field, B · S) becomes more and more important. It seems natural to assume that for small magnetic fields a spin-singlet state is the state of lowest total energy, while for larger magnetic fields it should be a spin-triplet state with m s = −1, where the electron spins are antiparallel to the magnetic field direction B. The total space of eigenstates is split into subspaces (sectors), each of them is characterized by definite values of m, p and m s . It is worth noting that the Hamiltonian H n is invariant with respect to reflections P z : z 1 → −z 1 and z 2 → −z 2 , with eigenvalues σ N = ±1, for a symmetric chain.
In order to classify eigenstates we follow the convention widely accepted in molecular physics using the quantum numbers m, p and the total spin S without indication to the value of m s . Eventually, the notation is 2S+1 M p , where 2S + 1 is the spin multiplicity which is equal to 1 for spin-singlet state (S = 0) and 3 for spin-triplet (S = 1), as for the label M we use Greek letters Σ, Π, ∆ that mark the states with |m| = 0, 1, 2, ..., respectively, but implying that m takes negative values and the subscript p (the spatial parity quantum number) takes gerade/ungerade(g/u) labels describing positive p = +1 and negative p = −1 parity, respectively. There exists a relation between the quantum numbers corresponding to the z-parity and the spatial parity:
Present consideration is limited to the states with magnetic quantum numbers m = 0, −1 because the total energy of the lowest energy state in any sector with positive m > 0 is always larger than one with m ≤ 0. A study of states with different m is necessary to identify the state of lowest total energy. At large magnetic fields for all studied two-electron chains this state was characterized by m = −1 in agreement with Ruderman's hypothesis.
As a method to explore the problem we use the variational procedure. The recipe of choice of trial functions is based on physical arguments [10] . As a result the trial function for the lowest energy state with magnetic quantum number m is chosen in the form
where σ e = ±1 stands for spin singlet (+) and triplet states (−), while {} means the symmetrization of identical nuclei of the expression inside the brackets. The P 12 is the permutation operator for the electrons, (1 ↔ 2). The α k,ij , β k,1−2 and γ k as well as interproton distances R ij = R ji are variational parameters. For each term with fixed k their total number is 2n + 4 including the linear parameter A k . In addition, we have n − 1 interproton distances. It is worth emphasizing that in the trial function (7) the interelectron interaction is included explicitly in the exponential form e γr 12 .
Calculations are performed using the minimization package MINUIT from CERN-LIB.
Multidimensional integration is carried out using a dynamical partitioning procedure: a domain of integration is manually divided into subdomains following an integrand profile with a localization of domains of large gradients of the integrand. Each subdomain is integrated separately using parallelization procedure (for details, see, e.g., [3] ). Numerical integration of subdomains is done with a relative accuracy of ∼ 10 −6 − 10 −7 by use of the adaptive D01FCF routine from NAG-LIB. A process of minimization for each given magnetic field and for any particular state was quite time-consuming due to a complicated profile of the total energy surface in the parameter space but when a minimum is found it takes several seconds of CPU time to compute a variational energy. n = 1. This case corresponds to the negative hydrogen ion H − and is mentioned for the sake of completeness. It is known that the negative hydrogen ion H − exists for any magnetic field strength [12] . At zero and small magnetic fields B < 5 × 10 −2 a.u. the spin- [7] . Energy in brackets means that the state 3 Π u is bound but the ground state corresponds to an unbound state.
The magnetic field B Schwinger = 4.414 × 10 13 G = 1.878 × 10 4 a.u. corresponds to the so called non-relativistic threshold for which the electron cyclotron energy equals the electron rest mass.
system among two-electron systems made from protons. However, the H − -ion is stable for studied magnetic fields: the dissociation H − → H + e is prohibited. n = 2. In a domain of non ultra-high magnetic fields the H 2 -molecule was studied in details in [7] . It was shown that the lowest total energy state depends on the magnetic field With an increase of the magnetic field strength, the total energy at the equilibrium position decreases, the system becomes more bound (in this case, the double ionization energy is E I = −E T , it increases with B) and more compact (the internuclear equilibrium distance decreases with B). 
IV. ONE-ELECTRON HELIUM AND HELIUM-HYDROGEN CHAINS
A. Generalities
Let us consider now molecular systems composed of one electron and a finite number n of infinitely-massive protons and/or α-particles as charged centers, situated on a line which coincides to the direction of an homogeneous magnetic field. The geometrical arrangement is similar to that depicted in Figure 1 , except for the fact that charged centers can be either protons or α particles. If found, bound states of such systems are called one-electron helium or helium-hydrogen chains. In the present review only one-electron helium or heliumhydrogen chains with n = 1, 2, 3 were included.
Following similar considerations as for the case of hydrogenic chains (see section II), the Hamiltonian which describes the one-electron helium (helium-hydrogen) chains in a magnetic field oriented along the z direction, B = (0, 0, B) is given by the Hamiltonian (3) with Z i , Z j = 1 or 2, depending on each particular system. Since we are interested by the ground state for which m = 0 and m s = −1/2, the last term in (3) can be omitted and the reference point for energy becomes equal to (−B).
B. Method
The variational method is used for a study of the helium (helium-hydrogen) chains described by the Hamiltonian (3). Trial functions are chosen following physics relevance arguments [10] . Their explicit expressions are linear superpositions of K terms given by functions of the class (4), where A k and α k,i , β k are linear and non-linear parameters, respectively. Internuclear distances R are considered as variational parameters as well. In this case the notation {} in (4) means the symmetrization of the expression inside the brackets with respect to the permutations of the identical charged centers (for example for the system (HHeH) 3+ it means permutation with respect to the external protons. As for the case of hydrogenic chains, each term in (4) has a certain physical meaning (see section II). In the following we describe the different chains studied. n = 1. (αe). This case corresponds to the simplest one electron helium system. It is known that the positive atomic ion of helium exists for any magnetic field strength. Fur-thermore, it is the only one electron helium system which exists for magnetic fields of strength B 10 a.u. The results presented below for the ground state 1s 0 of the He + atomic ion (see Table V becomes the system with the lowest total energy among the one electron helium (helium-hydrogen) chains. In [17] lowest vibrational and rotational energies for this system were also calculated.
(ii) (αpe). The first indication about the existence of the hybrid system (HeH) 2+ , for magnetic fields B 10 4 a.u., was established in [3, 17] , where accurate variational calculations for the ground state 1σ of the system (HeH) 2+ were carried out.
Variational calculations are done with a 3-term trial function of the type (4). In [3, 17] it was also demonstrated that the equilibrium configuration corresponds to the situation when the molecular axis (the line connecting the proton and the 
C. Results
The results of the ground state calculations are presented in Tables V-VI appears at B 10 6 a.u. This system is unstable with respect to decay into He 3+ 2 +α. Present level of available computational resources does allow to draw a reliable conclusion about this molecular system at larger magnetic fields. No more one-electron helium-hydrogenic system is seen for the range of magnetic fields studied B ≤ 10 7 a.u.
Concrete variational calculations for the chains He
3+
2 and (HeH) 2+ demonstrate that the optimal geometry of the molecular systems is linear and aligned along magnetic field, being stable with respect to small deviations from linearity. This is understood with simple arguments since any slight deviation from the magnetic field direction leads to a large increase in the rotational energy. So, it is natural to assume that all other studied linear chains are also stable with respect to small deviations from linearity.
All studied finite chains are characterized by two features: with a magnetic field growth (i) their total energies increase and (ii) their equilibrium size decreases -each system becomes more bound and compact.
Summarizing, one can state that among the one-electron helium-hydrogen chains there are two helium systems characterized by the lowest total energy for different magnetic fields:
it is the He + ion at 0 B 2 × 10 3 a.u. and the He 
V. TWO-ELECTRON HELIUM AND HELIUM-HYDROGEN CHAINS
A. Generalities
Let us consider systems of two electrons and n infinitely-massive α-particles situated on a line which coincides to the magnetic line. If a bound state is found the system is called 2e-linear Helium chain of the length n indicating the existence of the ion He All performed calculations show that in the optimal geometry the chain possesses a symmetry property similar to two-electron hydrogenic chains: for any α-particle there is a partner situated symmetrically with respect to the center of the chain.
Another type of systems we study are mixed ones: out of n heavy centers some of them have the charge two (α-particles) and some have the charge one (protons). If a bound state is found the system is called 2e-linear Helium-Hydrogen chain of the length n.
B. Method
For these systems we follow similar consideration as for the case of two-electron hydrogenic chains. The variational procedure is used to explore the problem. Physical relevance arguments are followed to choose the trial function (see, e.g. [10] ) which is given by the function (7).
This case is only mentioned for the sake of completeness. It is known that the helium atom exists for any magnetic field strength [14] . magnetic fields. However, this chain has the total energy higher than the He 4+ 3 chain (see below) for B 3 × 10 4 a.u. and thus less preferable energetically.
(ii) (αpee)
It is the simplest 2e mixed helium-hydrogen system. A detailed study of the low- crease of the magnetic field strength, the total energy at the equilibrium position decreases, the system becomes more bound (in this case, the double ionization energy is E I = −E T , it increases with B) and more compact (the internuclear equilibrium distance decreases with B).
(ii) (pαpee)
In field-free case the system (pαpee) does not display any binding. and more compact, i.e. both, the internuclear equilibrium distance R 1 between a proton and the closest α particle, and the distance R 2 between the two α particles, decrease with B. unbound although a particular configuration (αpαpα2e) displays a minimum in the potential curve. The two α-contained system are bound in both symmetric configuration -(pαpαp2e) and (αpppα2e) -while the latter one is more bound even for magnetic field B ∼ 10 6 a.u. This system is unstable with dominant decay mode to (αpα2e). One α-contained system (ppαpp2e) is bound at ∼ 10 7 a.u. and it is stable(!). It is worth noting that the system 5p2e is bound for magnetic fields B 10 4 a.u. (see Table III and a discussion on p.15). n = 6. It is not found an indication to the bound state of any 6-center system even for the highest magnetic field studied.
C. Results
The results of the calculations are presented in Tables VII-IX. Three traditional For n > 1 the optimal geometry of the molecular system is linear, and the system is aligned along magnetic field. Thus, each molecular system forms a finite chain. It is checked that such a linear configuration is stable with respect to small vibrations and its vibrational energies can be calculated. However, we were not able to check stability of the configuration with respect to small deviations from linearity and to calculate the rotational energies. All studied finite chains are characterized by two features: with a magnetic field growth (i) their binding energies increase and (ii) their longitudinal lengths decrease -each system becomes more bound and compact.
It is worth noting that among two-electron helium finite chains the system He 
Conclusions
A complete non-relativistic classification of one-two electron finite molecular chains (polymers) made out of protons/α−particles in a strong magnetic field is presented. It is naturally assumed that the ground state of any one-electron chain is 1σ g (or 1σ for non-symmetric systems), while for any two-electron chain is spin-triplet 3 Π u (or 3 Π for non-symmetric systems). All calculations were carried out in variational methods with state-of-the-art trial functions. Protons and α−particles are assumed to be infinitely-massive and situated along a magnetic line.
It is clearly seen the existence of three magnetic field thresholds [22] , B Tables I-IX Computations were mostly performed on a dual core DELL PC with two Xeon processors of 3.06 GHz each (ICN) and 54-node FENOMEC cluster ABACO (IIMAS, UNAM). Some test calculations were also done in the UNAM HP-CP 4000 cluster KanBalam (Opteron).
